VOL. 48 (i) Where navigation is restricted to the parallel 30 0 N. In this example the Small Circle route will be along this parallel. The radius of the parallel is j(RV3) and the length of arc along the half circle will be jn (R\/i) . The extra distance travelled, therefore, by not using the Great Circle route is 7rR(3\/3~4)/6 a n d the ratio of the increase is (iVi~A-)/4-which is approximately 30 per cent. In this example the Composite Great Circle route is identical to the small circle of the limiting latitudeno part of the composite route follows the path of a Great Circle.
(ii) Where navigation is restricted to the parallel 6o° N. We have the situation which appears in the diagram shown in Fig. 1 where A, B are the end points and V is the halfway In order to find the distance we have to travel along the Small Circle route we need to calculate the radius, VN, of the Small Circle and the angle subtended at the centre of the Small Circle by the points A and B. We also need to calculate the perpendicular distance from N to the chord AB. This distance is CN. The perpendicular distance from 0 to AB is then OC and, since A and B are at the opposite ends of the diameter of a Small Circle and in the same latitude, then OC = Rsin3o°F rom Fig. 1 we see that the distance ON is ON = R cos (^+30°) and, at the same time, ON =0C cos ijr so that, combining these results we find Rcos(^r+3o°) = R sin 3o° cos ^r from which we find t a n^= V 3 -1 and i/r = 36-2°H ence the radius VN(= r, say) of the Small Circle is The difference in distance between this and the distance by the Great Circle route over the pole is 2 ' 2 7 3 2 R -( 2 7 T / 3 ) R = 0 1 7 8 8 R which is approximately 8-j percent of the Great Circle distance.
The distance by the composite route is found to be 2-2jojR and the difference in distance between this and the Small Circle route is 0-0227^ which is only some 1 percent. This is the extra travelled by using the Small Circle route rather than the composite route.
TO DETERMINE THE GENERAL EQUATION OF A SMALL CIRCLE BETWEEN

TWO GIVEN POINTS AND THE PLANE IN W H I C H IT LIES. The general equation of a plane in rectangular Cartesian coordinates x, y, z is given by z = ax + by + c
( 1) where a, b, c are constants determined from three non-collinear points in the plane. The value of c is the value of z when x =y = o. If we have a sphere of radius r centred at the origin of coordinates and whose axis corresponds with the z axis of the Cartesian frame we can transform equation (1) using the transformations x = r cos <j> cos 6 y = r cos <f> sin 6 z = r sin (j> then we find that a circle in the plane is defined by
Differentiating (2) we find
Vb cos <j> cos 6
At the vertex (the point on the circle at which <j> is maximum) we must have
where <fi v and 6 V are the latitude and longitude of the vertex. If the two end points of the Small Circle path are at A whose latitude is <j> 0 and longitude d 0 and B whose latitude is <j) n and longitude 6 n then these points will have cartesian coordinates (x,,, j 0 , z 0 ) and (*",/", z n ) and from equation (1) we find:
The set of three equations (4), (j) and (6) form a simultaneous set from which we can determine the values of a, b and c. In particular, the pair of equations (j) and (6) are a pair of linear equations in a and b so that we can solve these equations first to give us a and b in terms of x,, n , j 0 n , z 0 " and c. We find
Substitution of these expressions for a and b into equation (4) where a and /? are numbers calculated from x,, n , j 0 n , z 0 n and 0 V in the following manner: (9) is quadratic in c and therefore has two solutions. This is because there are, in general, two arcs of Small Circles joining two points, A and B, one of which takes the arc from A to J3, say, with difference of longitude \6 A -6 B \ and the other takes the arc from A to B in the opposite direction with difference of longitude 2n -\d A -d B \. The shorter arc is the one which gives the smaller absolute value of c. The equation can be solved quite easily to give c whereby a and b can then be found from equations (7) and (8). We can then find d v from b 3. TO DETERMINE THE RADIUS OF THE SMALL CIRCLE. Consider a figure in the plane of the meridian through the vertex of the Small Circle (Fig. 2) . Let N be the foot of the perpendicular from 0, the centre of the sphere, to the plane containing the Small Circle. Let ON = p. ONV is a right-angled triangle in the plane of the meridian. The length of the distance OC along the z axis is c.
The angle
Applying the plane cosine formula to triangle CO V we can determine the side C V and then, applying the sine formula we can determine angle CVO (= A, say). The radius, VN, of the Small Circle circle (= r, say) is given by r = R cos A We have written a computer program to find the Small Circle track which has its vertex in the limiting latitude. We have computed its radius and the longitude of its vertex and we have found that
TO DETERMINE THE ANGLE SUBTENDED AT N BY THE ARC AB AND ITS
LENGTH. It can be deduced that the angle NOC is equal to (j>
The Small Circle track will give a distance of 7178-63 n.m. The composite track will give a distance of 7147-60 n.m. The difference is 3i'°3 n.m. The difference is really very small ( » 043 per cent) and the composite track will involve travelling 1101 n.m. along the parallel of 6o° S. The distance along the full Great Circle track is 6744-96 n.m.
In section 6 we show some more detailed results of computations showing the comparison between the Composite Great Circle track and the Small Circle track and a graph (Fig. 3) highlighting the numerical results from section 6 (2). It would seem that this alternative track -the track along the path of a Small Circle which reaches its vertex in the limiting latitude -might present an alternative to be considered by those concerned with weather routeing. In the examples that we have considered the difference in distance between the Small Circle track and the composite track is far less than the difference between the composite track and the full Great Circle track.
The position of points along the track of the Small Circle can be computed from equation (2). Given arbitrary values of the longitude; 0 l ,d 2 , ... ,d n , we can determine the corresponding values of (j> l , <f> 2 , ..., <j> n and plot these points on the chart so that the track can be determined.
